Abstract. In this paper, using the Riemann-Liouville fractional integral with respect to another function and the ψ−Hilfer fractional derivative, we propose a fractional Volterra integral equation and the fractional Volterra integro-differential equation. In this sense, for this new fractional Volterra integro-differential equation, we study the Ulam-Hyers stability and, also, the fractional Volterra integral equation in the Banach space, by means of the Banach fixed-point theorem. As an application, we present the Ulam-Hyers stability using the α-resolvent operator in the Sobolev space W 1,1 (R + , C).
Nowadays one of the areas of great concentration in the scientific community of mathematical research is the fractional calculus (FC) and its applications, specifically, in pure mathematics in which some new operators are presented and discussed in Banach space, and in applied mathematics, in problems involving memory effects. The concept of a non integer order derivative is not new, instead, it is as old as the concept of a integer-order derivative. Since then countless definitions of integrals and fractional derivatives have appeared, particularly, by replacing the order of the integer-order derivative with a parameter that may be noninteger. For example, we mentioned the monographs by Kilbas et al. [1] , Oldham and Spanier [2] , Podlubny [3] , Samko et al. [4] among others. We also mention some recent papers by Katugampola [5] , Almeida [6] and Sousa and Oliveira [7, 8] .
Fractional differential equations have already proved to be valuable tools in the modeling of several physical phenomena. The solution of such fractional differential equations, in general, allows a better evaluation of the results in several fields of science, for example in engineering, physics and medicine, among others [2, 4, 9, 10, 11] . In recent years, many authors have proposed and proved results of existence and uniqueness for the solutions of such equations, using different methods, Kilbas et al. [1] , Podlubny [3] , Zhou [12] , Benchohra and Lazreg [13] , Furati and Kassim [14] , Gu and Trujillo [15] , Mâagli et al. [16] , Abbas et al. [17] , Yang and Wang [18] , Abbas et al. [19] , Yong et al. [20] and so on. The study of fractional differential equations receives increasing attention and countless manuscripts have been published so far. Furthermore, it paved way for several new lines of study, such as the fractional theory applied to the so-called impulsive equations [21, 22, 23] . 1 On the other hand, in 1940, Ulam presented the stability problem of the solutions of the functional equations regarding the stability of group homomorphisms. After that, Hyers presented an affirmative answer to the Ulam question in the context of Banach spaces, which was the first significant advance in this area. Since then, a large number of articles have been published in connection with many generalizations of the Ulam problem [24, 25, 26] . Also, several investigators used the fractional derivatives and studied the stability of Ulam-Hyers and Ulam-Hyers-Rassias [27, 28, 29] . Although there are several manuscripts on stability through fractional derivatives, we believe growth in this area is quite promising.
In this sense, Wang et al. [30] Benchohra and Lazreg [31] , Wang and Li [32] and more recently Sousa and Capelas de Oliveira [33, 34, 35] have investigated stabilities of UlamHyers, Ulam-Hyers-Rassias, semi-Ulam-Hyers-Rassias, among others, aiming new results involving different types of stability.
Motivated by the paper of Janfada et al. [36] , in this article we have as main objectives, to study the stability of Ulam-Hyers of the solution of the fractional Volterra integro-differential equation, Eq.(0.1) and the solution of the fractional Volterra integral equation, Eq.(1.3), using Banach fixed-point theorem.
In this paper, we consider the fractional Volterra integro-differential equation
where H D α,β;ψ a+ (·) is the ψ−Hilfer fractional derivative [7] , with 0 < α < 1, 0 ≤ β ≤ 1 and
The paper is organized as follows: Section 2, presents, as preliminaries, the definition of the ψ−Hilfer fractional derivative, fractional integral of Riemann-Liouville with respect to another function and some important results, given as theorems, as well as the spaces in which such operators and theorems are defined. In Section 3, our main results are stated as theorems. We first present and discuss the Ulam-Hyers stability for the solution of a fractional integro-differential Volterra equation and then we also discuss the Ulam-Hyers stability for the solution of a fractional integral Volterra equation, in both cases, using the Banach fixed-point theorem. Section 4, presents as an example, the Ulam-Hyers stability involving the α-resolvent operator in the Sobolev space. Concluding remarks close the paper.
Preliminaries
In this section we introduce the function spaces in which they are of paramount importance to define the ψ−Riemann-Liouville fractional integral and the ψ−Hilfer fractional derivative. In this sense, we present two important theorems in obtaining the main results. Also, we introduce the concept of stability of Ulam-Hyers and Ulam-Hyers-Rassias and Banach fixed point theorem. 
The weighted space C
be a finite interval (or infinite) of the real line R and let α > 0. Also let ψ (t) be an increasing and positive monotone function on
The left-sided fractional integral of a function f with respect to a function ψ on [a, b] is defined by
The right-sided fractional integral is defined in an analogous form.
As the aim of this paper is to present some types of the stabilities involving a class of fractional integro-differential equations by means of ψ−Hilfer fractional operator, we introduce this fractional operator.
be two functions such that ψ is increasing and ψ ′ (t) = 0, for all t ∈ I. The left-sided ψ−Hilfer fractional derivative H D α,β;ψ a+ (·) of a function f of order α and type 0 ≤ β ≤ 1, is defined by
The right-sided ψ−Hilfer fractional derivative is defined in an analogous form. 1 
there exists a solution y (t) of Eq.(0.1) such that for some C > 0;
then we say that Eq.(0.1) has the Ulam-Hyers stability.
A similar definition can be considered for the fractional Volterra integral equation
It is called the metric induced from the norm of the weighted space.
Proof. The axioms 1 and 2 of Definition 3 are clear. If x, y, z ∈ X, then
and so the triangle inequality follows.
) be a generalized complete metric space. Assume that Λ : X → X is a strictly contractive operator with the Lipschitz constant L < 1. If there exists a nonnegative integer k such that d Λ k+1 x, Λ k x < 1, for some x ∈ X, then the following are true:
(1) The sequence {Λ n x} converges to a fixed point x * of Λ; (2) x * is the unique fixed point of Λ in
Proof. See [7] .
STABILITY OF THE FRACTIONAL VOLTERRA INTEGRO-DIFFERENTIAL EQUATION BY MEANS OF
Proof. See [37] .
Corollary 1. [38]
Let A generate an analytic α−resolvent {U α (t)} t≥0 , α > 0 on a Banach space X and let 0 < µ < 1. If one takes x ∈ X µ+1 and f
The proof is obtained by taking as solution u the first coordinate of
In this paper, using the Theorem 1, we shall study the Ulam-Hyers stability of Eq.(0.1) and Eq.(1.3). Next, some examples of these equation and their Ulam-Hyers stability will be considered.
Hyers-Ulam stability
In this section, we will study the Ulam-Hyers stability for the fractional Volterra integral equation and fractional Volterra integro-differential equation by means of ψ−Hilfer fractional derivative and the fractional integral of a function with respect to another function ψ(·), in the Banach's space. 
and
for all s, t ∈ [0, T ] and x, y ∈ X . If f : [0, T ] → X is a differentiable function satisfying
) is a complete generalized metric spaces. It suffices to prove the triangle inequality and the completeness of this space. Assume that
Thus, by definition of d, we get
which is a contradiction. Now, we show that (M, d) is complete.
Let {x n } be a Cauchy sequence in (M, d) . This, by definition of d, implies that ∀ε > 0, 
First, we show that Λ is strictly contractive. Suppose x, y ∈ N, (Λx (t) − Λy (t))
Thus, implies that
On the other hand, trivially f ∈ M and by Eq.(2.4), we get
Consequently,
By means of the item 2 of Theorem 1, there exists a unique element
Note that, f 0 is differentiable and g, k are continuous, then applying the ψ−Hilfer fractional derivative H D α,β;ψ 0+ (·) on both sides of Eq.(2.10) and by means of Theorem 2, we have
Also, from item 2 of Theorem 1 and Eq.(2.9), we have
.
In view of definition of d we can conclude that the inequality Eq.(2.6) holds, for all t ∈ [0, T ]. First, we consider
Let h be another differentiable function satisfying Eq.(2.5) and Eq.(2.6). Then f ∈ M, d (f, h) < ξ, and
Thus, we prove the uniqueness of f 0 . To this end it is enough to show that h is a fixed point of Λ and h ∈ M * . Using Eq.(2.11), on can see that Λh = h. We show that d (Λf, h) < ∞. From Eq.(2.11) and the fact d (f, h) < ξ, we get
The next step of the main result of this article, is the proof of the stability of the fractional Volterra integral equation. 
for all s, t ∈ [0, T ] and x, y ∈ X . If f : [0, T ] → X is a continuous function satisfying (2.15)
Proof. Consider the following set
With a similar argument to the proof of Theorem 2, one can see that (M, d) is a complete generalized metric space. Now define Λ on M as in the proof of Theorem 2, one can verify that for, any x, y ∈ M, 
For the uniqueness of h, it is enough to show that h is a fixed point of Λ and h ∈ M * . Using Eq.(2.16), we have Λh = h. Also from Eq.(2.16), the fact that 
which implies that d (Λf, h) < ∞.
Application
We recall that for a Banach's space X , a one parameter family {U α (t)} t≥0 , α > 0 in B (X ) , the space of all bounded linear operators, is called an α−resolvent operator function if the following conditions are satisfied [39] :
(1) U α (t) is strongly continuous on R + and U α (0) = I;
The generator A of U α is defined by
where g α+1 (t) = t α Γ (α + 1) and
Example 1. Let X be a Banach's space, A ∈ B (X ) with A ≤ 1, T ∈ (0, ∞) and Φ (·) ∈ W 1,1 (R + , C), where W 1,1 is the Sobolev space. From Corollary 1, we know that there exists a unique solution u ∈ C 1 (R, X ) ∩ C (R, X ) satisfying the fractional Volterra integro-differential equation
First, we define g : [0, T ] × X → X , and
Note that,
and on the other hand 
Thus we obtain the Ulam-Hyers stability of Eq.(3.1).
Concluding remarks
The study of the stability of solutions of differential equations is intensifying with the years and several researchers have presented new and interesting results involving fractional derivatives. In this paper, we presented an investigation of the Ulam-Hyers stability of the solution of a fractional Volterra integro-differential equation by means of the Banach fixed-point theorem. Besides that, we introduced the concept of α-resolvent and presented, as an example, Ulam-Hyers stability in the Sobolev space.
Also, the study of the stability of Ulam-Hyers and Ulam-Hyers-Rassias is indeed interesting and is not restricted only to fractional differential equations, in particular of the type given by Eq.(0.1) and also to the particular ψ−Hilfer fractional derivative. We can use another type of derivative, for example, conformable derivative, which constitutes a change of scale in relation to the integer-order derivative [40] , as well as the fractional derivative with non-singular kernel, as proposed by Caputo-Fabrizio [41] . With this, we can propose another study involving stabilities of the type Ulam-Hyers, Ulam-Hyers-Rassias, Ulam-Hyers-Bourgin, Aoki-Rassias, among others associated with the solutions of the functional differential equations [42] . 1 AND E. CAPELAS DE OLIVEIRA
